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Bifurcation Analysis of Parallel-Connected
Voltage-Source Inverters With

Constant Power Loads
Eduardo Lenz, Daniel J. Pagano, Member, IEEE, and Josep Pou, Fellow, IEEE

Abstract—This paper focuses on the stability analysis of a small
ac microgrid with two inductive droop inverters driving sev-
eral identical three-phase controlled rectifiers, which are modeled
as time-invariant nonlinear dynamical constant power loads. A
reduced model is adopted for this microgrid, which only considers
the inverter output characteristics, the rectifier input properties,
and the transmission line dynamics. Based on this reduced model,
the microgrid stability is analyzed for different values of load
power using a bifurcation analysis approach.

Index Terms—Droop control, load sharing, dynamic constant
power load, virtual impedance, bifurcation analysis.

I. INTRODUCTION

IN MICROGRIDS, an important issue is the parallel opera-
tion of voltage source converters, and droop control [1], [2]

is the standard technique for inverters working in parallel.
Whenever droop control is used, the inverter output voltage
and frequency become dependent on its output active and
reactive powers, which makes the system dynamic more intri-
cate. Also, the type of droop control must match the dc-ac
power converter output impedance, and it may be necessary to
change the inverter output impedance, which can be performed
through the virtual impedance control loop [3].

The main purpose of this paper is to study the dynamics of
a small islanded ac microgrid composed by two inverters oper-
ating in parallel with droop control and virtual impedance, and
four identical time-invariant nonlinear loads. When a micro-
grid is connected to the main grid, which is usually assumed
to be an infinite bus, it decouples all the elements in the
microgrid. But without the main grid, the common bus may
have a low electrical inertia, which increases the interaction
between sources and loads. A study of the microgrid dynam-
ics by means of numerical simulations for the whole system
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is helpful, but it can be time consuming and, sometimes, a
tedious method. An alternative to this problem is to develop
reduced models for the system that can extract just the essence
of the microgrid dynamical behavior by overlooking the power
converter internal dynamics and focusing only on the dynam-
ics of the connection between the sources and the loads. This
is the approach adopted here.

A similar approach (the use of reduced models) was
developed in [4] for linear loads with the stability verified
by small-signal analysis. An analogous problem is treated
in [5] and [6], where likewise small-signal stability analysis
for parallel-connected inverters is applied. Small-signal sta-
bility analysis for inverters driving a time-invariant nonlinear
load (a controlled ac-dc power converter) is investigated in [7].
Large-signal stability analysis using a Lyapunov function for
a different type of reduced model is explored in [8] and [9].
Bifurcation analysis applied to microgrid problems can be seen
in [10]. The stability analysis in this paper is verified by using
numerical bifurcation techniques, which can be understood as
a parametric stability analysis, since one or more of the micro-
grid parameters are varied in order to construct bifurcation
diagrams.

For the microgrid study here, the load is composed by
four controlled ac-dc power converters with power factor cor-
rection. Assuming an ideal behavior, the rectifier performs
similarly to a constant power load (CPL) used in dc net-
works [11], [12]. The generalization to ac systems can be
developed using the PQ theory [13]. One of the problems that
arises when a CPL model is used in electrical circuits is the
need to have a large capacitor connected in the CPL input
terminals. Without this element, the model stability may be
compromised. In other words, using a CPL model allows to
neglect the internal dynamics of the loads, which in this paper
are the ac-dc power converters. This is acceptable if the volt-
age on the ac-dc power converters input terminals has a large
inertia, hence any dynamic linked to the load can be neglected.
Usually this is achieved if there is a large capacitor connected
in the CPL input terminals, however such large capacitances
may not be realistic in practical systems. To overcome this
issue, a dynamic CPL model is proposed in this work, which is
a first-order low-pass filter applied to the CPL equations. The
effect of capacitances on the stability of electrical networks
with CPL models can be seen in [14], and also in [15].

A simplified diagram of the microgrid case study here
considered is depicted in Fig. 1, whereas Fig. 2 shows the
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Fig. 1. Load sharing between two dc-ac power converters driving several
ac-dc power converters.

Fig. 2. Microgrid sources (VSIs) highlighting the part of the power converter
that is assumed to be an ideal voltage controlled source for the development
of the reduced microgrid model.

microgrid sources, which are two parallel-connected voltage-
source inverters (VSIs). Moreover, it is assumed that the two
inverters are identical, and each one can be modelled as a
controlled voltage source in the reduced model. A sub-index
k is used to assign each dc-ac power converter throughout the
paper with k ∈ {1, 2}, and for each ac-dc power converter
a subscript j is used, with j ∈ {1, 2, 3, 4}. All the power
converters are controlled through their equivalent three-phase
delta states, therefore the input for the αβ0 and dq transforms
are the following type: {xab, xbc, xca}, where x can be any
variable.

The rest of the paper is organized as follows. The droop
equations with the virtual impedance are defined in Section II.
The load modeling is presented in Section III, the source
modeling and its control is shown in Section IV. The micro-
grid reduced model is developed in Section V, and the
stability analysis and numerical simulations are presented in
Sections VI and VII, respectively. The main conclusions of
this work are summarized in Section VIII.

II. DROOP CONTROL AND VIRTUAL

IMPEDANCE EQUATIONS

The basic inductive droop control loop strategy used for dc-
ac power converters operating in parallel is depicted in Fig. 3.

Fig. 3. Inductive droop control diagram with virtual impedance implemented
by a washout filter.

The low frequency components of the active, 〈pk〉, and reac-
tive, 〈qk〉, powers are used to generate the references for the
voltage amplitude and frequency, ωk = dθk/dt, in the droop
control.

The inductive droop equations, which are essentially pro-
portional controllers, are given by

Vk =

⎧
⎪⎨

⎪⎩

Vsup, if Vk ≥ Vsup

Vr − nk〈qk〉, if Vinf < Vk < Vsup

Vinf, if Vk ≤ Vinf

(1)

ωk =

⎧
⎪⎨

⎪⎩

ωsup, if ωk ≥ ωsup

ωr − mk〈pk〉, if ωinf < ωk < ωsup

ωinf, if ωk ≤ ωinf

(2)

where 〈pk〉 and 〈qk〉 are the low frequency inverter output pow-
ers (filtered powers); nk and mk are the droop gains; Vr and
ωr are the rated values for the peak voltage and the inverter
frequency; Vsup and Vinf are the maximum and minimum val-
ues for the voltage amplitude, finally ωsup and ωinf are the
maximum and minimum values for the inverter frequency.

Note that the control based on (1) and (2) does not have
any reference signal for the active and reactive power because
the load defines the amount of power that each source has
to dispatch. The system essentially operates in a free operat-
ing point regime. The frequency must be synchronized in the
steady state, which implies −m1〈p1〉 = −m2〈p2〉, therefore
〈p1〉/〈p2〉 = m2/m1.

Besides the droop equations, it is usually important to
change the inverter output impedance. To achieve this, the
voltage reference signal becomes a function of the vir-
tual impedance. Whenever an inductive output impedance is
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Fig. 4. Controlled ac-dc power converters: a) electrical circuits; and
b) equivalent reduced CPL model.

needed, the cross implementation [16]–[18] can be used, which
is given by

Vα
ref,k = Vk cos θk + Xviβk (3)

Vβ

ref,k = Vk sin θk − Xviαk , (4)

with iαk and iβk , the VSI output currents, which are the inductors
L1 and L2 delta equivalent currents (Fig. 2). The inductive
reactance is defined as Xv = ωrLv, which is a function of ωr,
but not of the frequency ωk, thus it is always constant.

The presence of an inductive virtual impedance causes an
inductive behavior on the inverter output characteristic, where
the α dynamic is coupled with the β dynamic. An alternative
approach to the cross virtual impedance, where both α and β

states are decoupled is the washout filter [3], [19]:

Vα
ref,k = Vk cos θk − ωcLv

(
iαk − zα

k

)
(5)

Vβ

ref,k = Vk sin θk − ωcLv

(
iβk − zβ

k

)
, (6)

where zk = [ zα
k zβ

k ]T is the filtered current:

dzα
k

dt
= ωc

(
iαk − zα

k

)
(7)

dzβ

k

dt
= ωc

(
iβk − zβ

k

)
. (8)

The cut-off frequency ωc has to be higher than ωk, there-
fore (7)-(8) can represent a similar virtual inductance com-
pared to (3)-(4), which can be verified based on a steady-state
analysis.

III. LOAD DYNAMICS

A. AC-DC Power Converter Modeling and Control

The microgrid load is composed by four identical ac-dc
power converters, each one depicted in Fig. 4. Notice the
presence of an input capacitor filter from an electro-magnetic
interference (EMI) filter, which is a small capacitor filter. The
ac-dc power converter control system is represented in Fig. 5,
and all the ac-dc parameters are shown in Table I.

Fig. 5. AC-DC power converter control diagram.

TABLE I
AC-DC POWER CONVERTER PARAMETERS

The αβ and dq transformations used in this paper are power-
invariant, and are defined as

Tαβ0 =
√

2

3

⎡

⎣
0 −√

3/2
√

3/2
1 −1/2 −1/2

1/
√

2 1/
√

2 1/
√

2

⎤

⎦ (9)

Tdq =
[

cos θ sin θ

− sin θ cos θ

]

. (10)

Each ac-dc power converter is represented by its own set of
transformations, therefore there are differences between each
angle used in the dq transformation.

The bus voltage is common to all the loads and although
each ac-dc power converter control loop is designed indepen-
dently, a microgrid model for all the loads has to include the
possible phase differences between the dq transforms. In order
to do that, we define for each ac-dc converter the common bus
voltage in dq coordinates as vd

bus,j , meaning that the first ac-dc
power converter sees the direct-axis bus voltage as vd

bus,1; with
a similar definition for the other power converters. In order to
combine all the ac-dc power converter equations, we use a
common dq transform for the bus voltage. Thus adopting the
first ac-dc dq angle as a reference for the bus voltages, one
obtains:

vd
bus,j = vd

bus cos δ1j − vq
bus sin δ1j (11)

vq
bus,j = vq

bus cos δ1j + vd
bus sin δ1j . (12)

The voltages vd
bus and vq

bus are referred to j = 1, therefore for
j ∈ {2, 3, 4} the bus voltage is a function of the angles δ1j ,
which are defined as

dδ1j

dt
= ω

pll
1 − ω

pll
j , (13)

with ω
pll
j the PLL frequency for each power con-

verter. The PLL dynamics are given by a standard
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proportional-integral (PI) control applied to the common bus
voltage quadrature component in a delta configuration:

ω
pll
j = ωr + Kpll

1 vq
bus,j + Kpll

2 ξ
pll
j (14)

dξ
pll
j

dt
= vq

bus,j . (15)

The control system is applied to the ac-dc power converter
in equivalent delta configuration, hence in dq coordinates the
system becomes

3Lac
didj
dt

= 3ω
pll
j Lac iqj − vdc

j ud
j + vd

bus,j (16)

3Lac
diqj
dt

= −3ω
pll
j Lac idj − vdc

j uq
j + vq

bus,j (17)

Cdc
dvdc

j

dt
= ud

j idj + uq
j iqj − vdc

j

Ro
, (18)

where idj , iqj are the direct and quadrature delta equivalent Lac

inductor currents, respectively; vdc
j is the dc voltage; and Ro

is the load resistance.
The ac-dc power converter model can also be described by

Le
ac

didj
dt

= ω
pll
j Le

ac iqj − hd
j + vd

bus,j (19)

Le
ac

diqj
dt

= −ω
pll
j Le

ac idj − hq
j + vq

bus,j (20)

dwdc
j

dt
= hd

j idj + hq
j iqj − μ wdc

j , (21)

by applying the following nonlinear transformations vdc
j ud

j =
hd
j , vdc

j uq
j = hq

j , and wdc
j = (1/2) Cdcvdc

j vdc
j , where μ =

2/(RoCdc), and Le
ac = 3Lac.

The current control loop law given by [20]:

hd
j = vd

bus,j + ω
pll
j Le

aciqj + Ki
1

(
idj − Iref

j

)
+Ki

2ξ
d
j (22)

hq
j = vq

bus,j − ω
pll
j Le

acidj + Ki
1iqj + Ki

2ξ
q
j , (23)

with

dξd
j

dt
= idj − Iref

j (24)

dξ
q
j

dt
= iqj , (25)

is based on the feedback linearization technique.
The ac-dc power converter dynamics with the current

control law (22)-(25) become

Le
ac

didj
dt

= −Ki
1idj − Ki

2ξ
d
j + Ki

1Iref
j (26)

Le
ac

diqj
dt

= −Ki
1iqj − Ki

2ξ
q
j (27)

dwdc
j

dt
= vd

bus,j idj + vq
bus,j iqj − μ wdc

j

+ idj
[
Ki

1

(
idj − Iref

j

)
+ Ki

2ξ
d
j

]

+ iqj
(
Ki

1iqj + Ki
2ξ

q
j

)
. (28)

The equilibrium point for the system states is: idj → Iref
j , iqj →

0, ξd
j → 0 and ξ

q
j → 0.

The outer control loop is designed assuming that the dynam-
ics of wdc

j evolve in a slower time-scale when compared to the
currents idj and iqj . Thus, the current control loop is assumed
to be operating in steady-state, and (28) becomes

dwdc
j

dt
≈ vd

bus,j Iref
j − μ wdc

j . (29)

By applying the same feedback linearization technique
to (29), Iref

j is calculated as

Iref
j =

⎧
⎪⎨

⎪⎩

μ̂j wdc
j − Kw

1 εdc
j −Kw

2 ξdc
j

vd
bus,j

, if idj < Imax

Imax, if idj > Imax

(30)

with εdc
j = wdc

j − Wref, Wref being the reference signal,
Wref = (1/2)CdcV2

ref, and μ̂j = ρj + σj the load estima-
tion, which is designed assuming the load μ is a constant
unknown parameter by applying the Immersion & Invariance
(I&I) nonlinear adaptive technique [21]. The static part of the
estimation is chosen to be σj = −γ wdc

j , with γ the estimation
gain, whereas the dynamic part of the estimation is

dρj

dt
= −γ

(
Kw

1 εdc
j + Kw

2 ξdc
j

)
− wdc

j

κ
εdc
j , (31)

with ξdc
j the output of the integral action,

dξdc
j

dt
= εdc

j . (32)

The energy control loop given by (29)-(32), see Fig. 5, is
based on a PI control with a feedforward term (μ̂j wdc

j ), where
the parameter μ has to be estimated since the load is not mea-
sured. Therefore, to apply this feedforward technique, the I&I
estimation is used. The advantage of this scheme compared to
a PI controller is that load variations do not affect the linear
part of the voltage control loop dynamics. Only the constants
Kw

1 , Kw
2 , γ , and Wref are presented in the jacobian matrix.

Ideally, the load μ only affects the system initial conditions.
The set (29)-(32) can be proved stable in the sense of

Lyapunov by defining the following candidate Lyapunov
function

H = 1

2

(
wdc

j − Wref

)2 + κ

2

(
ρj + σj − μ

)2 + Kw
2

2

(
ξdc
j

)2

(33)

with

dH
dt

= −Kw
1

(
wdc

j − Wref

)2 − κγ wdc
j

(
ρj + σj − μ

)2
. (34)

As wdc
j ∈ R

+, (34) is negative semidefinite, using LaSalle’s
invariance principle, it can be shown that this system is asymp-
totically stable. The current control loop was assumed to be
in steady state for the energy control loop dynamic stability,
thus this analysis is only local. The constant κ is used only
to make the physical dimension of H consistent. The com-
plete ac-dc power converter control system proposed makes the
current dynamics approximately linear for fast dynamics, and
the energy dynamics become approximately linear for slower
dynamics, but the overall system is still nonlinear.
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These control laws must be implemented through a discrete-
version, which can be done through the zero-order hold (ZOH)
discretization. Sampling the ac-dc power converter states,
the energy controller dynamics (31)-(32) becomes a double-
integrator system given by

ρj [n] = ρj [n − 1] + Tawdc
j [n − 1]εdc

j [n − 1]

− Taγ
{

Kw
1 εdc

j [n − 1] + Kw
2 ξdc

j [n − 1]

+ Kw
2 Taε

dc
j [n − 1]

}
(35)

ξdc
j [n] = ξdc

j [n − 1] + Taε
dc
j [n − 1], (36)

where Ta is the sampling period.

B. Reduced Load Model

In order to develop a reduced load model, the ac-dc power
converter is simplified based on how the control loops behave.
There are two main operation regions for the ac-dc power con-
verter: i) whenever the energy and current control loop are
working properly, the ac-dc power converter extracts constant
active power from the common bus; and ii) when the energy
control loop saturates but the current control loop is operat-
ing normally, the ac-dc power converters behave like current
sources connected to the common bus. If an ideal power factor
correction (PFC) is assumed, then the reactive power is zero
in both operating modes.

The equilibrium value for (28) is

Iref
j → μwdc

j

vd
bus,j

=
(

vdc
j

)2
/Ro

vd
bus,j

= Pj

vd
bus,j

, (37)

and as the control ensures tracking, vdc
j vdc

j → V2
ref, for a con-

stant Ro, each ac-dc power converter withdraws a constant
power (Pj = V2

ref/Ro) from the bus terminals. Neglecting the
dynamics on Iref

j , (26)-(27) becomes

Le
ac

didj
dt

= −Ki
1idj + Ki

1
Pj

vd
bus,j

− Ki
2ξ

d
j (38)

Le
ac

diqj
dt

= −Ki
1iqj − Ki

2ξ
q
j . (39)

The reduced load model must capture the correct equilib-
rium but with fewer states, thus assuming ξd

j → 0 and ξ
q
j → 0

when idj → Iref
j , iqj → 0 in (26)-(27), the load model dimen-

sion decreases. Also, the load model must incorporate all the
four ac-dc power converters, therefore the total load current
can be defined as

idload = id1 +
4∑

j=2

idj cos δ1j + iqj sin δ1j (40)

iqload = iq1 +
4∑

j=2

−idj sin δ1j + iqj cos δ1j . (41)

The same stability from the full ac-dc power converter
dynamics can be achieved if an equivalent load dynamic is
defined

didload

dt
= −λidload + λ

Po

vd
bus

(42)

diqload

dt
= −λiqload. (43)

λ is the inverse of the equivalent load time-constant, and
Po is the sum of the four ac-dc power converters powers,
Po = ∑

Pj . An important remark about (42)-(43), is that
these equations represent a proposed model, hence the full ac-
dc power converter model stability properties can be mapped
to a smaller system. The concept of defining a low-pass filter
applied to the equilibrium point as a way to model a power
converter was used in [9], but in a different problem.

Ideally, it is expected that ωi > λ > ωw, where ωi =√

Ki
2/Le

ac is the current control loop crossover frequency. As
for ωw, notice that (29)-(32) is a third-order system and the
frequency of the dominant eigenvalue can be selected as a
lower bound on λ. The control delay together with the PWM
delay can also have a deep impact on λ, and these phenom-
ena can make the process of finding a value for λ a bit more
complicated. Notice that the way the sources are modeled can
also impact on how to choose λ, i.e., if the sources are an
instantaneous system or a dynamical one, choosing a value
for λ can be challenging. It is a trial and error procedure to
find a value for λ.

When the power Pj of each ac-dc power converter
increases enough to saturate (30), the equivalent load dynamic
changes to

didload

dt
= −λidload + λImax (44)

diqload

dt
= −λiqload, (45)

thus becoming a current source. Imax is four times the value
used in (30), therefore Imax = 30 A. The transition from (42)
to (44) must be continuous, thus

Vth = Po

Imax
, (46)

which is the vd
bus voltage value when the load changes its

characteristic from CPL to current source, therefore when
vd

bus > Vth the load is given by (42)-(43) and when vd
bus < Vth

the load model becomes (44)-(45).
As the four ac-dc power converters are modelled as one

equivalent element, the PLL can also be given in terms of one
equivalent PLL:

ωload = ωr + Kpll
1 vq

bus + Kpll
2 ξpll (47)

dξpll

dt
= vq

bus. (48)

An important remark about this reduced load model, while
the ac-dc power converter control system presented is nonlin-
ear, different types of controller can reach the same reduced
load model as long as the dc voltage is regulated to a con-
stant reference and the input ac currents only draws active
power from the common bus voltage. Therefore this approach
to model an ac-dc power converter is a bit more general that
it might seem.

The capacitance Cac is part of the reduced load model, thus
including the four capacitances for each ac-dc power convert-
ers, the equivalent bus capacitance is Co = 4 × Cac. The bus
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TABLE II
DC-AC POWER CONVERTERS PARAMETERS

voltage dynamic in αβ coordinates is

Co
dvbus

dt
= i1 + i2 − iload (49)

with ik = [ iαk iβk ]T , iload = [ iαload iβload ]T , and vbus =
[ vα

bus vβ

bus ]T .

IV. SOURCE DYNAMICS

A. DC-AC Power Converter Modeling and Control

The inverter topologies are depicted in Fig. 2 with the
shaded region being the parts of the power converter that are
modeled as voltage sources in the reduced model. In αβ coor-
dinates, the inverter model for a delta equivalent circuit is
given by

3Lf
dxk

dt
= Vdcuk − vk (50)

Cf

3

dvk

dt
= xk − ik − vk − yk

3Rd
(51)

Cd

3

dyk

dt
= vk − yk

3Rd
(52)

3Lk
dik
dt

= −3Rkik + vk − vbus, (53)

with xk = [ xα
k xβ

k ]T , vk = [ vα
k vβ

k ]T , yk = [ yα
k yβ

k ]T ,
and uk = [ uα

k uβ

k ]T . The inverter states are defined as: xk,
representing the equivalent Lf inductor delta currents; vk the
voltages on the delta equivalent capacitors Cf ; yk the volt-
ages on the delta equivalent capacitors Cd; and ik the inverter
output delta equivalent currents. The dc-ac power converter
parameters are given in Table II.

The inverter control loop can be designed assuming a fast
inner current control loop and a slow outer voltage control
loop. For the inner loop, the duty cycle can be chosen as

uk = vk − Kp
(
xk − xref,k

)

Vdc
, (54)

with xref,k the outer loop output signal and Kp the proportional
gain.

The voltage control loop control law is given by

xref,k = ik − K1εk − K2ξ k, (55)

with the voltage control loop error defined as

εk = vk − Vref,k (56)

and the resonant controller given by

dξ k

dt
= ωkηk + εk (57)

dηk

dt
= −ωkξ k, (58)

where ξ k = [ ξα
k ξ

β

k ]T and ηk = [ ηα
k η

β

k ]T . The inverter
control system is given by (54)-(58).

The discrete-version of the resonant controller is given by

ξ k[n] = ξ k[n − 1] cos ωkTa + ηk[n − 1] sin ωkTa

+ εk

ωk
sin ωkTa (59)

ηk[n] = ηk[n − 1] cos ωkTa − ξ k[n − 1] sin ωkTa

+ εk

ωk
(cos ωkTa − 1), (60)

where

cos ωkTa = cos θk[n] cos θk[n − 1]

+ sin θk[n] sin θk[n − 1] (61)

sin ωkTa = sin θk[n] cos θk[n − 1]

− cos θk[n] sin θk[n − 1], (62)

with Ta the sampling period. Notice that in this discrete-
version of the controller, the frequency ωk is measured at each
cycle differently of the usual version where it is constant.

The dc-ac power converter dynamic with the proposed
control becomes

Le
f

dxk

dt
= −Kpxk + Kp

(
ik − K1εk − K2ξ k

)
(63)

dξ k

dt
= εk + ωkηk (64)

dηk

dt
= −ωkξ k (65)

Ce
f

dvk

dt
= xk − ik − vk − yk

Re
d

(66)

Ce
d

dyk

dt
= vk − yk

Re
d

(67)

Le
k

dik
dt

= −Re
kik + vk − vbus, (68)

with Le
f = 3Lf , Ce

f = Cf /3, Ce
d = Cd/3, Re

d = 3Rd, Le
k = 3Lk

and Re
k = 3Rk.

To choose the inverter control system gains, the reduced
load model can be used as a benchmark for the dc-ac power
converter control system, as depicted in Fig. 6. The stability
analysis for the inverters must be done using dq coordinates.

An iterative process is adopted to find an optimal value of
the parameter λ. In order to do so, the VSIs control gains
based on an ad hoc procedure are first chosen, and, second,
one can proceed to verify the inverters stability by simulation,
and at the same time adjusting λ. Based on this simulation,
it is possible to find a value of λ that makes the reduced
model match the same stability found for a simulation based on
switching models. More accurate analyses can be made for the
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Fig. 6. Configuration to test the VSI control system gains K1, K2 and Kp
using the reduced load model.

controller gains based on bifurcation diagrams by varying the
load power, which helps to see how close or how far from the
instability is the inverter.

The VSI reference signals in dq coordinates are given by

Vd
ref,k = Vk − ωcLv

(
idk − zd

k

)
(69)

Vq
ref,k = −ωcLv

(
iqk − zq

k

)
, (70)

with the instantaneous output powers defined by the PQ
theory:

pk = Vkidk − ωcLv‖ik‖2 + ωcLv

(
idk zd

k + iqkzq
k

)
(71)

qk = −Vkiqk − ωcLv

(
iqkzd

k − idk zq
k

)
, (72)

where ‖ik‖2 = idk idk + iqk iqk . The low-frequency powers together
with the washout filter, in dq coordinates, are given by

d〈pk〉
dt

= −ωf (〈pk〉 − pk) (73)

d〈qk〉
dt

= −ωf (〈qk〉 − qk) (74)

dzd
k

dt
= ωkzq

k + ωc

(
idk − zd

k

)
(75)

dzq
k

dt
= −ωkzd

k + ωc
(
iqk − zq

k

)
. (76)

The VSI dynamic average model is given by the equiva-
lent (63)-(68) in dq and (73)-(76), which gives 16 nonlinear
differential equations for each inverter. Notice that there is
a difference between the dq angles for the VSIs and the
equivalent load, which can be defined as φk = θk − θload,
therefore

dφk

dt
= −mk〈pk〉 − Kpll

1 vq
bus − Kpll

2 ξpll. (77)

Using θload for the common bus voltage (49) dq transform, the
bus voltage becomes

Co
dvd

bus

dt
= ωloadCovq

bus + id1 cos φ1 − iq1 sin φ1

+ id2 cos φ2 − iq2 sin φ2 − idload (78)

Co
dvq

bus

dt
= −ωloadCovd

bus + id1 sin φ1 + iq1 cos φ1

+ id2 sin φ2 + iq2 cos φ2 − iqload. (79)

Fig. 7. Stability diagram on the plane-{Po, K1} for the dc-ac power converter
with Po divided by the number of sources.

Fig. 8. Stability diagram on the plane-{Po, K2} for the dc-ac power converter
with Po divided by the number of sources.

The reduced load model is given by (42)-(43), and (77)-(79),
which gives seven differential equations. Together with both
VSIs, the configuration from Fig. 6 totalizes 39 nonlinear
differential equations. For the cross virtual impedance imple-
mentation, small modifications must be made to the equations
shown.

Using MATCONT [22] and XPP-AUTO [23], [24], both
numerical bifurcation analysis packages, one can study the
VSI local stability by varying the reduced load power Po and
plot the region where the dc-ac power converters are stable.
A value of λ = 7150 rad/s gives a similar stability when the
four ac-dc power converters are substituted by the reduced
load model, hence Figs. 7–10 show how to choose the gains
K1, K2, Kp and Xv, respectively. It is interesting to compare
when both dc-ac power converters are working and when only
one of them is active. Ideally, when both VSIs are activated
the maximum load power where the system is stable should
be twice the power of one source. In order to compare both
situations, the curves are calculated for the load power per
inverter, which means for the system with only one inverter
the load power is Po, and when both inverters are on, the
power is Po/2.

The curves labelled as HB in Figs. 7–10 denote a Hopf
bifurcation, where the stability of the inverter changes from a
stable equilibrium point to an unstable equilibrium point and,
at the same time, arising a stable limit cycle, which makes
the system to oscillate in dq coordinates. The jacobian matrix
of the linearized VSI model calculated at this point has two
eigenvalues on the imaginary axis, that pass to the right side
of the complex plane when the power Po is increased. Below
and to the left of these curve the system is stable otherwise it
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Fig. 9. Stability diagram on the plane-{Po, Kp} for the dc-ac power converter
with Po divided by the number of sources.

Fig. 10. Stability diagram on the plane-{Po, Xv} for the dc-ac power converter
with Po divided by the number of sources.

is unstable. Notice that when there are more VSIs operating in
parallel, each power converter can process more power because
the stability region increase 1 kW per inverter. One advantage
of using only one inverter for the design of the controller gains
is the reduced number of equations, from 39 it goes to 23 non-
linear differential equations, and based on Figs. 7–9, it gives
a worst-case scenario. For the virtual impedance, the situation
is more complicated, as there are values for Xv where the sta-
bility per power inverter decreases. Finally, for low values of
K1, K2 and Kp, both virtual impedances give similar stability
results. Increasing beyond K1 > 0.2, the VSI duty cycle har-
monic contents start to increase, thus in practical terms both
virtual impedances have similar stability properties.

B. Reduced Source Model

The VSI full model is helpful for the design of the control
system. However, in the analysis of the interaction between
sources in an islanded microgrid, the number of equations
becomes too large even for only a few inverters operating in
parallel. To overcome this problem, a reduced source model
is developed. Equation (68) can be rewritten as

Le
k

dik
dt

= −Re
kik + εk + Vref,k − vbus, (80)

and assuming the inverter internal dynamics (xk, ξ k, ηk, vk,
and yk) are stable, then εk → 0 and the reduced model for the
dc-ac source dynamics can be used, as follows:

Le
k

dik
dt

∼= −Re
kik + Vref,k − vbus. (81)

Fig. 11. Equivalent circuit representing the equations of the reduced
model for the microgrid under study: two parallel-connected inverters and
an equivalent CPL.

This procedure was developed in [4] and can give the correct
system stability as long as K1 and K2 are properly selected, for
instance as shown in Figs. 7–10. The complete dc-ac power
converter stability is a function of xk, ξ k, ηk, vk, and yk,
therefore if the inverter becomes unstable due to its internal
dynamics, the reduced source model cannot capture this type
of behavior.

If a reduced source model, given by (81) and (3)-(4) is used,
then an appropriate value for λ would be λ = 1800 rad/s.
Nevertheless, if (81) is used with (5)-(6), λ = 6600 rad/s.
The reason for this difference is the lack of any differen-
tial equation for the source model when the cross virtual
impedance is used, i.e., (3)-(4) are instantaneous magnitudes,
whereas (5)-(6) have a low-pass filter due to the washout filter.

V. REDUCED MICROGRID MODEL

The equivalent circuit representing the equations of the
reduced model for two parallel-connected inverters and an
equivalent CPL is depicted in Fig. 11. In addition to the output
inductance filter (Le

1 and Le
2), the sources are modeled by their

approximated steady state characteristics.
Applying the dq transformation to (81), i.e., idk = cos θkiαk +

sin θkiβk , iqk = − sin θkiαk + cos θkiβk , the current dynamics
become

Le
k

didk
dt

= ωkLe
kiqk − Re

kidk + Vd
ref,k

− vd
bus cos φk − vq

bus sin φk (82)

Le
k

diqk
dt

= −ωkLe
kidk − Re

kiqk + Vq
ref,k

+ vd
bus sin φk − vq

bus cos φk. (83)

The overall microgrid reduced model is given by
four dynamic equations corresponding to the line cur-
rents (82)-(83), the bus voltage dynamic (78)-(79), the load
dynamic (42)-(43), the two angle equations with the PLL
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Fig. 12. Bifurcation diagram in the {Po, id1}-plane for λ = 1800 rad/s,
Xv = 0.03 �, and with the virtual impedance given by (3)-(4).

integral action (77) and (48), the four filtered power equa-
tions (73)-(74), and the four washout filter dynamics (75)-(76),
totaling 19 nonlinear differential equations. When the virtual
impedance is given by (3)-(4), small modifications must be
made in the microgrid reduced model, and the total number
of differential equations becomes 15.

VI. NUMERICAL BIFURCATION ANALYSIS

In this section standard bifurcation techniques [25] are used
to analyze the stability of the reduced microgrid model. The
reduced model has to capture the main dynamic behavior of
the full model, with the equilibrium points and their stability
as the main characteristics to be preserved. Since the load
is modeled as a CPL with a low-pass filter, it is easy to
choose the filter frequency that matches the complete micro-
grid model stability. Unfortunately, global dynamic behavior
may not be well modeled by the reduced model since the full
model behavior can be sensitive to the sources and load con-
trol loop dynamics, and even to some switching characteristics
of the power converters.

Using XPP-AUTO it is possible to plot bifurcation diagrams
by varying one of the microgrid parameters. For instance,
Fig. 12 shows a bifurcation diagram for the current id1 when
the load power Po varies using the cross virtual impedance
implementation, and Fig. 13 shows the same bifurcation dia-
gram, but for the washout virtual impedance. The other system
variables have similar bifurcation diagrams, thus, here to be
concise, the focus is only on the current id1.

When the load power consumption is low, the system equi-
librium is stable, but when operating close to 5.5 kW, the
reduced model exhibits two eigenvalues crossing the imaginary
axis, which implies a Hopf bifurcation (HB1). For the micro-
grid of this study the appearance of this bifurcation is due to
the load type, and CPL models typically undergo a subcritical
Hopf bifurcation [15]. A subcritical Hopf bifurcation gives rise
to an unstable limit cycle around the stable equilibrium point
and this implies that the stable equilibrium point have a region
of attraction. This unstable limit cycle collapses with a stable
limit cycle close to Po = 4 kW in a global bifurcation called as
saddle-node of periodic orbits (SNPO). This bifurcation is due

Fig. 13. Bifurcation diagram in the {Po, id1}-plane for λ = 6600 rad/s,
Xv = 0.03 �, and with the virtual impedance given by (5)-(6).

to the discontinuity of the load model, see (42)-(45). The sta-
ble limit cycle disappears into a stable equilibrium point close
to 10 kW. This second Hopf bifurcation (HB2), now super-
critical, is defined by the load parameter (46), and it happens
because the load current increases until the current control
loop of the ac-dc power converters saturates.

There are four main operation regions in the microgrid case
study proposed in this paper, as depicted in Fig. 12: i) Region I
is when the load is behaving like a CPL and the equilibrium
point is stable; ii) Region II is between the SNPO and the HB1
points where two limit cycles coexist (one inner unstable and
another one stable around it); iii) Region III is when there is
only one stable limit cycle around one unstable equilibrium
point; and iv) Region IV is when the load current saturates
and the system has again a stable equilibrium point.

In order to validate the analytical results obtained with the
reduced microgrid model, some simulations were performed
using PSIM software for the full switching microgrid model
(Fig. 1). In the PSIM simulation, the dynamics of all the
power converters in taken into account, and the controllers
are implemented in the discrete-time domain.

Fig. 12 displays these simulation results superposed on the
bifurcation diagram where the symbols � stand for the ampli-
tude of the stable limit cycle, i.e., the positive and negative
peak values of the oscillations on the current id1.

It can be observed in Figs. 12–13 that the Region II does not
exist when using the switching ac-dc power converter models,
therefore the reduced load model, although it reproduces the
correct local stability of the system, it does not capture this
global phenomenon correctly. Region III, where the system
is oscillating in dq coordinates, was properly captured by the
reduced model. As can be seen in Figs. 12 and 13, the micro-
grid safe region based on the switching system is Region I
and Region II, gives a stable power range around 5.7 kW.
Notice that the stable limit cycle curve gives the maximum
and minimum peak values for the oscillations in the steady
state.

The load parameter λ has a deep effect on the Hopf bifurca-
tion (HB1), as shown in Fig. 14. There is not a big difference
between the washout and the cross virtual impedance in terms
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Fig. 14. Codimension-two bifurcation set showing the Hopf bifurcation
(see HB1 from Figs. 12 and 13), regarding Po and λ as bifurcation parameters
valid for both virtual impedance implementations.

Fig. 15. Bifurcation diagram in the {λ, id1}-plane for Po = 7 kW,
Xv = 0.03 �, and with the virtual impedance given by (3)-(4).

of microgrid stability, but as Fig. 14 shows, for the occurrence
of a Hopf bifurcation in the same power level, λ should be
chosen different for each virtual impedance implementation as
explained at the end of Section IV. It is possible to generate a
bifurcation diagram for λ, for instance with Po fixed at 7 kW
as depicted in Fig. 15 for the cross virtual impedance, and
in Fig. 16 for the washout version. Both bifurcation diagrams
show the need for different λ values to each virtual impedance
implementation.

Although the reduced model allows us to capture the main
qualitative behavior of the microgrid dynamic, one of the
drawbacks is the sensitivity of the Hopf bifurcation (HB1)
toward variations for the virtual impedance Xv. Any influence
of Xv in the microgrid is not well captured by an instanta-
neous model for the VSI (Fig. 10 for the Xv effect on the
full VSI model stability) and if there are instabilities due to
source-source interaction, then a better source model must be
used. One option to obtain better models is to use a simi-
lar approach to what was done to the ac-dc power converter
reduced model, i.e., a first-order system applied to the instan-
taneous source equations. This procedure has the disadvantage
of having to find the equivalent VSI time-constant.

Fig. 16. Bifurcation diagram in the {λ, id1}-plane for Po = 7 kW, Xv =
0.03 �, and with the virtual impedance given by (5)-(6).

Fig. 17. Steps in the load power Po and the effect on the active power from
the first inverter for the cross virtual impedance implementation.

VII. SIMULATION RESULTS

The instabilities predicted by the reduced model can
be validated by simulating the switching microgrid system
(see Fig. 1) with the washout virtual impedance using the
software PSIM. There are some small differences between the
average models shown in Sections III and IV, and the simula-
tions in this section. For instance, the ac-dc power converter
control uses the measurement of the common bus voltages in
the control laws, but in the simulation there is a low-pass fil-
ter with a cut-off frequency of 30 Hz. The presence of this
filter increases the system stability, since the main source of
problem is the interaction between the ac-dc power convert-
ers with the common bus voltage. Delays due to PWM and
the discrete-time nature of controllers were accounted to the
simulation, as they affect the system stability.

In order to illustrate the main operation regions of the micro-
grid depicted in Fig. 12, three steps in the load power Po are
applied as shown in Fig. 17. These load power steps were
designed in such a way that when t < 0.8 s the system is
operating in Region I with the load consuming Po = 1.25 kW.
In the interval 0.8 s < t < 0.9 s the system is in Region III
(Po = 7.14 kW) and for t > 0.9 s the microgrid is operating in
Region IV (Po = 10 kW). In Fig. 17, it can be observed that
the average active power of the dc-ac power converter remains
stable in the three operation regions. However, the currents id1
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Fig. 18. Currents id1 and iq1 for the operation Regions I, III, and IV.

Fig. 19. Line-to-Line bus voltage in abc and dq coordinates when the Hopf
bifurcation (HB1) occurs at t = 0.8 s for a step in Po from 1.25 kW to
7.14 kW is applied.

Fig. 20. Inverter voltage control loop error signals in αβ when the Hopf
bifurcation (HB1) occurs at t = 0.8 s for a step in Po from 1.25 kW to
7.14 kW is applied.

and iq1 are oscillating (stable limit cycle detected by bifurca-
tion analysis, Fig. 12) in Region III, as shown in Fig. 18. The
effect of the Hopf bifurcation (HB1) can also be noticed on
the bus voltage as shown in Fig. 19, on the VSI voltage error
signals (56) as observed in Fig. 20, and in the ac-dc power
converter, with the load estimation (μ̂1) and the output dc
voltage (vdc

1 ) waveforms in Figs. 21 and 22, respectively.
Another consequence of the current oscillations generated

by the Hopf bifurcation is the appearance of high frequency
components, which increases the harmonic content in the
inverter output currents and on the common bus voltage.
Fig. 23 shows the phase a total source current (ia1 + ia2) spec-
trum during the unstable regime, and it is possible to note that
the Hopf bifurcation create new frequencies around 670 Hz
and 790 Hz. Although the output currents of both inverters

Fig. 21. AC-DC power converter load estimation when the Hopf bifurcation
(HB1) occurs at t = 0.8 s for a step in Po from 1.25 kW to 7.14 kW is
applied.

Fig. 22. AC-DC power converter output dc voltage for the operation
Regions I, III, and IV.

Fig. 23. Current frequency spectrum for phase a only, ia1 + ia2, when the
Hopf bifurcation (HB1) occurs.

oscillate, the low frequency active power exchanged between
the inverters is small.

VIII. CONCLUSION

This paper has addressed the modeling and large signal sta-
bility analysis for a case study of an ac microgrid made of two
parallel-connected inverters driving controlled ac-dc rectifier
loads. The main dynamics phenomena that can occur when
the power output varies have been analyzed through bifurca-
tion analysis techniques applied to the reduced model of the
system. This simplified case study is a first step to under-
stand the dynamical behavior and the interaction between the
different elements that exist in an ac microgrid.

Bifurcation diagrams obtained with the reduced model were
validated by comparison with the simulation results obtained
from the switching microgrid network (full microgrid system).
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The reduced model and the techniques used to analyze the
stability of the microgrid have proved to be useful for the
microgrid design, despite the limitations regarding the vir-
tual impedance. Furthermore, bifurcation diagrams have been
demonstrated to be useful for selecting important parameters
of the system, such as Kp, K1, and K2.
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